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SECTION 1
INTRODUCTION

Since its introduction in April 1973, the FACT ModeI(l) has proven
to be a useful tool for predicting and analyzing long-range low-frequency
propagation in range-independent environments. The original development
emphasized the incorporation of diffraction and surface-image effects in a
fully automated, highly efficient model. For short-range high-frequency
surface-ducted propagation, Clay augmented the ray model by an approximate
surface-duct model already in use in FACT's predecessor, RP70 € . While the
Clay Model was recognized to have certain deficiencies, an efficient alterna-
tive was not available. This report documents such an alternative which is
proposed for incorporation in FACT.

1.1 BACKGROUND

The Clay Model underwent a series of reviews (e.g., Labianca(3)).
and was considered in a comparison by Morris of several models with data from
the Surface Duct Sonar (SUDS) experiments(4). Labianca's analysis showed that
the model had an oversimplified depth dependence and the wrong dependence of
leakage on environmental parameters. The leakage error resulted from as-
signing leakage losses to partial reflection from the gradient discontinuity
at the bottom of the duct rather than to the correct quantum-mechanical
"tunneling" phenomenon. The depth dependence was characterized by a single
10-dB drop in level from that in the duct 1f one of either the source or
receiver were moved below the duct ("cross-layer*). 1In a number of cases the
lack of environmental sensitivity proved critical.

Morris' comparisons showed that the Clay Model, AMOS(S) and the
Bucker surface-duct mode1(6) were in fair agreement in a number of
cases with none particularly better than the others. Since both the Clay
Model and AMOS were largely based on experimental data this result was not
altogether surprising. The data set was not a severe test of environmental
sensitivity and was apparently contaminated by a range dependence in the
sound-speed profile that none of the models were developed to include.
Bucker's model clearly had the strongest theoretical basis, however it was
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much longer running than the others and based on the comparisons a change
was not justified.

In the period following these initial evaluations, considerable
progress was made in understanding the basic mechanisms of surface ducted
propagation, largely as a result of Labianca'§(7) work on virtual modes.
Subsequently, Spofford(e) identified Labfanca's asymptotic expressions for
deeply trapped virtual modes with mode bundle ray-equivalents ("“smodes")
and was able to incorporate rough surface scattering effects. A prototype
surface duct propagation code was developed by Spofford, using the smode
techniques. While showing improvement over the Clay Model, Spofford's model
displayed poor performance for some propagative scenarios.

1.2 MODEL REQUIREMENTS

As FACT saw more and more use, dissatisfaction with the Clay Model
increased, and LRAPP authorized the development of a better model subject to
the following constraints:

1. increased accuracy for a wide range of environmental

parameters;

2. continufty of transmission-loss in depth (including
acoustic reciprocity);

3. range-smoothed transmission-loss of the approximate
form A + BLogR + aR; and

4. sufficient speed to have a minimal impact on overall
FACT ru;ning time (presently about 4 CPU seconds per
100 nmi).

SAl has developed such a model as reported herein.

1.3 TECHNICAL SUMMARY

The approach used in the new model is a further refinement and
extension of Labianca's virtual mode results to include modes near cutoff
as well as leaky modes. This permits intensity calculations in ducts below
cutoff and/or at short ranges where the leaky modes make important contri-
butfons. The WKB work of Spofford was extended to the rough surface losses.
A brief description of the model theory is provided here, with detailed
discussfons postponed till Section 2.

1-2



The surface duct model {s designed to compute the relative {nco-
herent intensity level from a point source in a canonical bilinear duct.
Labianca's formulation of the complex pressure field as a Hankel transform
over the continuum efigenspectrum is the theoretical starting point. An
approximate, yet highly accurate, evaluation of the transform results in
the relative incoherent intensity T being given as a finite sum of virtual
modes

Taln Z e'“mr 1 (z.)1 (z.)

m s mr

where r is the range and zs(zr) is the source (receiver) depth. The Im
are modal intensity amplitudes and the a, are modal attenuation coefficients.
Individual terms in the sum arise from resonances in the kernel of the Hankel
transform due to the proximity of Regge poles in the complex energy plane.

The resonances in the transform occur at locations along the real energy axis
corresponding to the real part of the Regge pole Em.

rThe intensity amplitudes Im are related to normalized depth
functions and are expressible in terms of Airy functions. Efficient ex-
pansions for the Airy functions provide a rapid means for evaluation of the
virtual mode sum, while preserving numerical accuracy. For the deeply

trapped modes, Labianca's results are obtained as 1imiting cases.

The modal attenuation coefficient L incorporates volume, surface
and di ffractive losses. Volume losses are obtained from standard absorption
loss formulas presently included in FACT. The diffractive portion of a
fs obtained from the imaginary component of the Regge pole and physically
arises from leakage of acoustic energy into the region below the duct. The
surface loss portion of L is computed by using conservation of energy applied
to the virtual modes' ray-equivalent reflecting from the rough ocean surface.
Each interaction of the ray-equivalent with the surface yields an effective
reflectfion loss which is then accumulated continuously over the ray's cycle
distance. The rough surface reflection losses are computed in a separate
module as a function of the ray's surface grazing angle, sea state and

frequency.
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The virtual mode model was compared to a serfes of benchmarks
generated using both the parabolic-equatfon (PE) code(ls) and the NOSC n-
layer normal mode (NM) code“z) for a representative surface duct. The
model shows excellent agreement with both PE and NM calculations. Details
of the comparisons are described in Section 3.
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SECTION 2
TECHNICAL APPROACH

This section describes the theoretical basis for a new surface duct
model proposed for use in FACT. The model is.an extension of previous work
by Labianca on virtual mode representations and by Spofford on ray-mode
equivalents. The model is designed to compute the incoherent acoustic intensity
from a point source in a range independent ocean surface duct as a function of
source/receiver geometry. The ocean surface duct is approximated by a canonical
bilinear model first analyzed by Furry(g) in connection with the transmission
of electromagnetic waves in the atmosphere.

2.1 FURRY MODEL
Furry's model approximates the square of the refractive index nz
with the bilinear form[Fig. (2.1)]

2
nz(z) = [colc(z)]z =1-9g2z , 0Ocz<d ’ =
ﬁ*,ﬂ‘ J
] - g-d + g+(z-d) » 2>d a4l 'r&‘{:)
n _
>4 ha“"{‘-‘
'-‘\t‘s

where d is the depth of the surface duct, g_(g*) is the gradient within
(below) the duct, < is the surface sound speed, and c¢(z) 1{s the depth
dependent sound speed. The Furry model has been employed by a number of
authors in the context of ocean acoustics, with the conventional Fourier-
Bessel or longitudinal wavenumber (1) representation being used by Marsh,
Hall(ll) and Pedersen and Gordon.(lz) while the transverse wavenumber (x)
representation was employed by Labianca.(7) The latter is used in this report.

(10)

2.2 VIRTUAL MODE SOLUTION

In polar cylindrical coordinates, the complex pressure field P
from a unit strength monopole source satisfies the Helmholtz equation

2
1d .d ,d& , 22 "l
[F‘Er raet 422 + ko" (z)]_g(r,zr.zs) 2ar 6(")c(zr'zs)
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A harmonic time dependence, exp(-fwt) , is suppressed with w the angular
frequency and ko = w/co. The source is located at r = (o.zs). the receiver
at 7= (r.zr) and P {s to satisfy a pressure release boundary condition
(P=0) at the surface and a radiation condition at deep depths.

Employing standard separation of variables techniques, the pressure
is represented by the convolution

-1 1 2 2 2 2
P(r.z,.2) = ﬁﬁf) e - 2% ate? 202,00 (2.1)
r
where the depth Green's function g satisfies

2
& 2,2 2| .,
[;;2 + ko (n® = 1) +« ] g=- 6(zr- zs)

with « the transverse wavenumber (kg = Az + :2).
The depth Green's function is expanded in a complete set of ortho-
normal eigenfunctions ¢ of the homogeneous equation

2
[9-24»!(2 (n2-1)+|<2]3'0 ’ (2.2)
dz 2

subject to the pressure release boundary condition. For the Furry model the
eigenfunctions ¢ form a continuous spectrum and the integral in Eq. (2.1)
becomes

Priz,.z) = 4= j S O o IR CRROTCREL T

Analytic solutions for the eigenfunctions are readily obtained
by introducing a natural unit of length, H = (9+k§)-k , whereby Eq. (2.2)
becomes

dz
L rE-am|une) 0 (2.3)
X



The new independent variable is x = (z - d)/H , and the "energy® E and
“potential" Q are

Esillosdh
and
3
Q(x) = s°x , xs<0
=-x , x>0
with s3 =g /g, and D =d/H. Solutions of Eq. (2.3) may be expressed in

terms of the Airy functions. Within the duct,
Wx,E) = I [M(-q)81(-q,) - Mg )Bi(-a)] . x50 (2.42)

with Q, =W+ sP, q=w-5x and w = E/sz , and below the duct

]
WuE) =3 [T,(E0my(p) + T_(EIny(p)] » x>0 (2.4b)

with p=E + x. The h functions are

hy(p) = Ai(-p) - 1 Bi(-p)

and

hy(p) = Ai(-p) + 1 Bi(-p)

Continuity of y and dy/dx at the duct bottom fixes the T coefficients,
leading to

TAE) = - 10 [¥(0,EDny(E) - wlo,Enz(E)] (2.5)
and
TAE) = 16 v (0, BN (E) - wlo.EIn(E)] (2.5b)
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The pressure field integral, Eq. (2.1), is then given in terms of
the new variables x,y as(13)

, wix ,E)w(x_,E)
P(r,xr.xs) =ﬁ/né1) [r(kg - ‘Z)k]_ﬁ(fﬁ__'(%)_ dE , (2.6)

with &% = (E + s90)/H2.

The kernel of the Hankel transform in Eq. (2.6) has resonances
along the real E axis from Regge poles in the lower half E plane. The
Regge poles are the complex roots of T_(Em) = 0 , with the real part of
Em corresponding to the resonance position and the imaginary part of Em
proportional to the resonance width. An approximate, yet highly accurate,
evaluation of the integral in Eq. (2.6) is obtained by evaluating the integrand
in the region of the resonances. The incoherent intensity, 1 = |P|2 , is then

given in the far field [r(kg - xz)li >> 1] as(l4)
~ 27 'r°; Im(xs)lm(xr)
fafa d e " B0 T R
m kg = <l
with < (€ + oyl
L, 2 2 H]
ot =2 In [(ko -
1 (x) = [3(x,E )N |
m m’ /" m
and

T~
"

= H ,/7. w;(x) i . (2.8)
4

The Vm have been termed virtual modes by Labianca.

When the imaginary part of Em is small (low attenuation) the depth
function wm(x) is contained or "trapped" within the duct. The trapped modes
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are capable of propagating acoustic energy to long ranges. Conversely, modes
with large imaginary part are not localized in the duct and are termed "leaky",

Trapped modes have Er = Re(Em) negative, and there are two zeroes
(turning points) of Er - Q(x) denoted by x; and X5 (Figure 2.2). When
X < X{s OF X > X5 ¥, is oscillatory; when Xp <X < Xy ¥, is exponential. The
region between the turning points acts as a barrier, confining the depth function
to the duct. Vi has an imaginary component that is essentially zero until below
the barrier (x > xz) and then spirals about the origin of the complex plane in a
counter-clockwise sense with increasing magnitude as x f{ncreases.

Leaky modes have positive Er and complex turning points. ¥ is
oscillatory and complex everywhere with no enhancement in the duct. While of
lesser importance at long ranges, the leaky modes may make significant contri-
butions at short ranges and need to be included in the residue series.

A ray-equivalent may be associated with ¥n by defining a surface
grazing angle O through

2 '
3 I& - R
sine = [g*H(Er +s D)] .= [ G - -%.dl

The trapped modes are thus seen to have ray-equivalents which turn within the
duct, while the leaky modes correspond to ray-equivalents with large grazing

Yoo 4o, t_‘,"-
Glfc-d.of\ C -+ -
o

angle.

The major effort in using the virtual mode series is in finding the
Regge poles E_. The roots of T-(Em) = 0 are generally obtaine?lgjing
complicated numerical methods as was done by Pedersen and Gordon. A
different approach will now be discussed which provides accurate approximate
expressions for the Em. yet is very efficient.

2.3 TRAPPED MODES
The Regge pole Ey satisfies T_(Em) = 0 , which upon using Eq.
(2.5b) becomes the transcendental equatifon

w’(o’cm)hl(Em) *(0 E )hl(E ) s pMu\w\ st'\\’\\ on
N ’wb". o<

peWh bl\
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Using v from Eq. (2.4a), the above eigenvalue equation can be recast as
(the mode subscript will be suppressed on E)

A(-9)  pi“(-w) - 2(E)Ai(-w)s (2.9)
Bil-q,) Bi“(-w) - Z(E)Bi(-w)s ' )

with the effective "impedance" Z of the duct bottom expressed as

Z(E) = hy(E)/h, (E) (2.10)

and where w = E/s2 and q, =W+ sD.

If phase integral (WKB) methods were used to solve for the frapped
eigenvalues, the m-th mode quantization condition would be

X

1 .
f (E - s3%) x = % q’g e (M- X)7 (2.11)
=D

where x; (complex) is the upper turning point. Since the imaginary part of E
is small for the trapped modes, a good approximation for X1 is to assume it to
be real. This corresponds to q, in Eq. (2.11) being an approximate root of
Ai(-qo) = 0, and suggests a zeroth order approximation to E as E~E, =

(q; - sD)s2 where q; is a real zero of Ai. Zeroes of Ai (};§ along the
negative real axis and are tabulated in Abramowitz and Stegun.

Next, expand the left side of Eq.(2.9) around q; with q, * q; + Aq
and use the Wronskian relation of the Ai and Bi to give

. \‘0 a&’tcd.\\"‘(
BH| > aa x ai7-q0)? + 0(ad)) a:e: ey
-q w\
0 :::.» L (2.12)

=8qa;, ,a =7 A‘l'(-q;)2

Finally, expanding the right side of Eq. (2.9) around Eo yields the
1inearized form
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Ai- - ZoAi

coAq — , Zo = Z(Eo) (2.13)
Bi- - ZoBi ?

-EO/s

from which the perturbed eigenva]ué is E = Eo + Aq 52. This perturbation

solution for E, using Aq from Eq. (2.13), is fast and direct unlike the
complicated iterative solution of the original equation (2.9). Furthermore,
since E0 is real, the Airy functions have real arguments greatly simrlifying
numerical calculations.

For well trapped modes (Eo << 0), asymptotic expansion of the Airy
functions gives

3, -2
al\q=-(1+$e +

el147) (2.14)
g 16(-E ) '

|

With 4(-50);’/3s3.

The expression for aAq 1in Eq. (2.14) is based on large argument
asymptotic expansions of Ai and Bi. Careful analysis of these expansions
indicate that this form is not valid if w,E >-3.5. Instead, when Eo
is not large and negative (or s3 not small), Zo is evaluated from Eq.
(2.10) and Aq computed by direct methods from Eq. (2.13). Compared with the
numerical calculations of Pedersen and Gordon, this procedure yields excellent
agreement for the trapped modes [Re(E) < 0].

The perturbation expression for aAq [Eq. (2.13)] is only valid if
9, is near a zero of Ai. Thus a "cutoff" condition is sD > 2,338, the
first zero of Ai. Ducts with smaller values of sD cannot support trapped
modes. Using the asymptotic formulas for zeroes of Ai, an approximate

expression for the number of trapped modes Nvm is

- %
N, =2 -25 + (sD)*/1.5n
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2.4 LEAKY MODES

The leaky wave [Re(Em) > 0] Regge poles are difficult to calculate

by solving for roots of T_(E) as was done for the trapped modes. The fmagi-
nary part of the pole is comparable to the real part and recourse is usually made
to iterative numerical solutions of Eq. (2.9). Instead a different approach will
be used for the leaky modes, which gives an approximate, yet accurate, solution.

As discussed previously, the integrand in Eq. (2.6) resonates for
real values of E corresponding to the real part of Em. Expanding the
product T+(E)T_(E) using modulus and phase representations for the Airy
functions (Appendix A) yields

T,(E)T_(E) = C(E)G%(E)
where

2

GZ(E) = stin X, * sinzx_ + 2gsiny, siny_cosa . (2.15)

The envelope C(E) 1s a slowly varying function of the energy while 62 has
resonances. The various terms in Eq. (2.15) are

8 = M(w)N(E)/sN(w)M(E) ,

b= ¢(E) - 6(E) , &=o(w)-o0(w) ,

x, =(xt8)/2 ,
and

x = 26(q,)) - ¢(w) - 6(w)

The M, N, o, and ¢ functions are the moduli and phases of the various Airy
functions and their derivatives.

A1l the terms in Eq. (2.15) are slowly varying functions of E with
the exception of the angle x. Analysis shows that minima in G2 occur at
those energy values Er where x 1s a negative multiple of 2n

x(Er) =2mm , m=1,2, ... (2.16)
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When Er>> 0, the asymptotic expansions for the phase functions ¢ and ¢
yield

4 3 4 3 4
x(Er)'v n/2 - 3 q: w3 Wis - %-- 3-(q§ - w%) (2.17)
and thus the eigenvalue condition is
3 3 ) 3
ORER LS [te, + %)% - €3] - 2atm - 10) . (2.18)
s
r

But, the phase integral between the surface and duct bottom is just
w
] 3ok 2 kL LA A
J(Er) j(Er-sx) dx i(qo'") R ’y'l‘ (2.19)
%D

so the eigenvalue condition for highly leaky modes is just J(Er) = x(m - 1/4),
or the usual WKB quantization condition. Equation (2.17) in practice proves to
be a good approximation even for small values of Er ,» and is used to solve

Eq. (2.16) numerically.

Once the real part E. of the Regge pole §s obtained from the
extremum in G2 , the imaginary portion El {s found from conservation
of energy. From the form Eq. (2.7), E; gives rise to an attenuation
coefficient oL:

L

a =21

2 3\ ,u2)%
. [ko-(Er-1£I+sD)/H] ;

L

Using the ray-equivalent to the leaky mode, a~ is

ok ik l.n[R(em)]/D(em) (2.20)

where o fs the surface grazing angle of the ray-equivalent defined by

2

3
sin L g+H(Er +s°0) ,
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R(em) is the reflection coefficient of the ray equivalent by the gradient
discontinuity in refractive index at the duct bottom, and where D(em) is b"
the ray's cycle distance. The cycle distance D(em) is given by kﬂ}b

06,) = - 2k H3 x(E)~ ok HGH < ), W R (2.21) 758

s Y o el o

A e « o
A

The reflection coefficient R(e ) is found to be

where Xx from Eq. (2.17) has been used.

2
R(O ) = R(E ) = 82 + l + 28 COS(6+A) 5 (2'22)
B~ + 1 + 28 cos(8-2a) VU RIRY. o
of?

with 1imiting values

R-(1+53)I(1+s)3 5 Er-.o
32
R:M . f —~=
64 £ r

The results [Eqs. (2.18) and (2.20)] obtained for the leaky modes
are suggestive of WKB formulas. As pointed out by Furry, however, (Ref. 9)
phase integral solutions for the bilinear profile are not strictly valid
due to the non-analytic nature of the refractive index profile. In particular
the phase integral methods do not give the proper above barrier (Er > 0)
reflection coefficient Eq. (2.22) arising from gradient discontinuities in n
at the duct bottom.

2.5 EIGENFUNCTIONS

Once the efigenvalues EIn are known, the virtual mode depth functions
Yy * w(x.Em) are obtained from Eq. (2.4a) or Eq. (2.4b). The latter can be
simpiified, by making use of continuity across the duct bottom, to
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¥o(x) = v (odh (p)/hy(E)  » x>0 (2.23)

with p = Em + x. The normalization Nm is easily obtained from properties of
the Airy functions and Eqs. (2.4a) and (2.23) as

N = H f .p;(x)dx @ :—3 [1 s (14 s3)w'2n(o) %Em(hl‘/hl)] . (2.24)
)

The calculation of Vi and Nm involves computing Afry functions of
complex arguments (due to the complex nature of the Regge pole Em). which tends
to be time consuming. Instead various approximations are used to significantly
reduce the numerical calculations.

2.5 TRAPPED MODES

Trapped modes have imaginary components EI of the Regge pole that
are small, Since the virtual mode depth functions are analytic with respect to
the energy, this suggests a Taylor series expansion about Er = Re Em

v(x,E) 2 w(x,E ) + 1 Ep dw(x,E )/3E
For positions within the duct, this yields

o(x) ~ 2 81(-02) [(M - a20,81) + 1 a0, (A1 - a;aq,817)]

-qr

where a, =7 Ai‘(-q;)z. 4q = 8q, + 1aq,, and Q. * Er/s2 - sx. The squared

amplitude is thus

2 2 I g
lw(x)|" ~ —”2 [(Ai - 0,89 B1)" + aq; (A1 - a sq Bi )2] . (2.25)

COS

Strongly trapped modes have |aq| << 1 and therefore
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000 |~ 5 M2(1 - ajaq, BI/AE

a
OS

where the Ai,Bi are evaluated at q'.- E /s - SX.

Similar considerations for the be1ow duct region (x>0) lead to

hy(p)~hy(p) + 1 Eshi(p) , p.=x+E. , E
and thus

h (p Ak, hy(p,)

v(x) ~ ¥(o) Ei :

The squared amplitude of u then {s

2, .2
¥(p,) + (pJE; - 26, /v
?(Er) + NZ(Er)Ef - 2, /v

Iw(x)I2~ lw(O)I2

where M (x) = M2(-x) + B12(-x), and N (x) = AP (-x)% + B1 (-x)Z.

those modes with |aq|<< 1, this becomes

M (E

)2~ [v(0)|2 —2
(€,

+ x)

The normalization Nm is

T ¢ M
Nm=—3 *(*S)W(O)d—'ﬁ- ’
S 1 £

and vor well trapped modes becomes

2-14
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3, -t
N ~ H 1+ (1 +s%)e .
g ;5 4w a 52

00

(2.28)

U!‘JI

. 2 i b
where w, |E°l/s and ¢ = 4/3w *.

2.5b LEAKY MODES

Leaky virtual modes have positive Er with E1 not small.
Asymptotic expansion of the Airy functions with arguments in the sector
larg 2| < 2/3 n yield for the in duct form (Eq. 2.4a) of ¢

w(x,E) ~'S'1(qqo)'k [sin(c - ¢ ) - cos(z - zo)5/7261

3 ' 3
where ¢ =2/3q%, T, = 2/3 qo1 (larg {a,q,}/< 2/3 v). The squared amplitude
of y 1is then

2 - -
|w(x,E)|" = s zquol % |sin(c - L) - cos(x - c°)5/72cl2

. s'zquol'k |sin(g - to)lz o gl > 1

or

Iw(x)l2 = %-s'zquol'k (cosh ZA;i - cos ZAzr) , X<0O (2.29)

with Ar = Acr + 19 A;i =7 - ‘o'

Below the duct, similar expansions are made for hl(p) in Eq. (2.23)
to give

hy(p) = Ai(-p) - 1 Bi(-p)

~ o h e (U78) (1 sty L [p] > 1

with p=E +x,and t = tr + 1 t1 = 2/3 p%.
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The squared modulus of hl is

-Zt 2

e e p e g1 asmae?

-2t .
~npie T, - (2.30)

which leads to y having the form

2 -2t
W(x)|? ~ M—g pie ! (2.31)

Ihy (€|

below the duct. Note that since E1 < 0, Eq. (2.31) predicts an exponential
increase in the virtual mode amplitude with increasing depth below the duct.
This behavior is in precise agreement with the numerical results of Pedersen
and Gordon.

2.5¢ TURNING POINTS

The expressions for the virtual mode depth function ¥ developed
thus far are based on large argument expansions of the Afry functions which
fail near turning points (i.e., regions where q or p are zero). However,
*n is an analytic function of its arguments and thus can be expanded in a Taylor
series about the turning point.

Concentrating on the in-duct form [Eq. (2.4a)] of y , a series
expansion about the turning point is (q = Em/s2 - $X)

2 3
Vplx) = wla) =y +aud + 3w e dwn e (2.32)

where Yo * v(q=0), v " w(q=0)/3q, etc. The series can be greatly simplified
by using the differential equation satisfied by ¢

2%v/3q° = - qu

to yield
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¥a) = w0 1- %3t + 4q'6r - ...)

+ v (1 - 2¢37a1 + 106871 - .. . (2.33)

The depth function and its derivative at the turning point are .

vEe o [Bi(-qo) -3 Ai(-qo)] ' (2.34)
V=% [81(-q°) + 73 Ai(-qo)] . (2.35)

where ¢, = Ai(o) and c2=-A1‘(o). Separate asymptotic expressions for
Yo' 06 are obtained depending on whether the mode is trapped or leaky (i.e.,
depending on qo).

Trapped modes have q, near a zero of Ai, and the perturbation
expansion of Eq. (2.12) leads to

2

2 ™ 2 2 z]
Iwol N'G—;'z' [(1 - Qo /3 Aql‘) + 300 Aqi (2-36)
()}

and
Cz(l + Go /3- AQ)

vo/v, ~ » AQ = Aq. + iAq . (2.37)
00 ¢)(1-a, /3 8q) roo

Similar results for leaky modes are obtained by using the complex asymptotic
forms of Ai(-qo) and Bi(-qo):

i ¢, cos(z, - #/12) 2 3
Vol ¥o ~ - ¢, sin(e, +#/12) ° % "3% (2.38)
and
2
4nc
19512 ~ = 1ag17% [sin(e, + w12)F . (2.39)
s
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For both trapped and leaky modes, the amplitude of Iol2 fs obtained
from Eq. (2.33) as

lw(a)|? ~ th,l2 (1-q%31 + 4q‘/s_!)

v 2
va(1- 2¢°/41 + 10¢%/71)| . (2.40)
0

2.5d NEAR SURFACE

Near the surface (x ~ -D) the virtual mode depth function can be
expanded in a Taylor series as was done for the turning point region

L2
¥(a) = w(q)) + sav(a) + 53— v*(q ) + ... (2.41)

with 4q = q - 9 and q * E/s2 + sD the surface value for q. At the
surface w(qo) =0 and v‘(qo) = 1/s so Eq. (2.41) becomes

w(a) = 23 (1 - qaq?/s3t - 2007581 4 ...) (2.42)
where 4q = q - q = -s(x+D). The amplitude of ¢ is then

912~ (o)1« qs(xe0)?/6 - s3(xe0)¥12 4 ... | (2.43)
which displays the proper quadratic depth dependence and pressure-release

condition at x = -D.

2.6 ROUGH SURFACE EFFECTS

The presence of a non-planar ocean surface will modify the Regge
poles Em leading to a larger imaginary component. The virtual mode intensity
decays with range at an increased rate due to an additional attenuation term
arising from rough surface scattering. The resultant attenuation {s the sum

2-18



of the previously computed leakage term aL and the surface scattering term

S
a

a'aL+ns

The surface scattering term is found by app]}ing energy conservation to the modal
ray-equivalent interacting with the ocean surface.

A ray-equivalent may be identified with each virtual mode through a

surface grazing angle O defined by .
w"u\w"
2 3 1
sin“e, = (£, + s"D)fkH) prevonty  £a*On = g lt (e,\s"o)

Ay

and a corresponding cycle distance D(em)

X

1
D(em) = 2H cose / [Er - Q(x)]")5 dx
-D

Xy is the upper turning point (real) of the mode and for leaky modes is taken
as the duct bottom (x = 0). Each interaction of the ray-equivalent with the
rough surface is treated as a specular reflection with corresponding reflection
coefficient Rs(em). The intensity decay with range is then modeled as a

"loss per bounce" applied continuously over the ray's cycle distance, leading
to

o = - zn[Rs(em)]/D(em)

The rough surface specular reflection coefficient R® s computed
as a function of frequency, grazing angle and sea-state from previous work by
Spofford and Keenan. 17) Strictly speaking, the rough surface effects should be
included as a modification of the surface impedance condition and the Regge
poles found in a self consistent manner. The error made in adopting the present
approach {s, however, consistent with present understanding of surface scatter-
ing phenomena and within the approximation of replacing the true index of
refraction profile by the Furry model.
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SECTION 3
MODEL EVALUATICN

The virtual mode surface duct model described earlier was evaluated
by comparisons with output from the parabolic equation (PE) code(16) and the
NOSC n-layer normal mode (NM) code. The test environment was a bilinear n2
profile for a deep (1,000 foot) surface duct with a corresponding sound speed
profile having a pressure gradient (~.018 sec'l) within the duct and a
moderate (~- .1 sec'l) gradient below the duct. The ocean was assumed in-
finitely deep with a smooth, pressure-release surface and no surface loss.
Incoherent transmission loss, for a monochromatic point source, was computed
for a variety of source/receiver geometries.

Source frequencies of 25, 50, 100, 250, 500, and 1,000 Hz were
considered which yielded propagation conditions corresponding to zero and 21
trapped modes respectively. This effectively simulated results for thinner
ducts at higher frequencies. Source-receiver combinations for all depth pairs
between 250 and 1,500 feet in 250-foot increments (21 distinct pairs) were
chosen to cover a wide range of in-layer, cross-layer and below-layer geometries
for the various source frequencies. In total, 126 different frequency/geometry
propagation scenarios were examined in the comparisons.

Two types of surface duct model evaluations were made: (1) incoherent
transmission-loss for all 126 scenarios, and (2) individual comparisons of
modal attenuation coefficients and intensity amplitudes.

The transmission-loss evaluations were made by direct comparison of
the virtual mode surface duct model results with those of the PE and NM codes.
The PE code actually outputs coherent transmission-loss values, displaying
characteristic interference features. These oscillations were removed by
intensity averaging the PE output with an efght (8) nautical mile moving
window to simulate incoherent levels.

The NM code, in addition to providing TL output, also output the
individual modes used in the TL calculation. Modal attenuvation coefficients
and eigenfunction intensity amplitudes were available for direct comparison
with the surface duct model.
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3.1 PE COMPARISONS

The AESD PE code was run at six source frequencies (25, 50, 100, 250,
500, and 1,000 Hz) and for six receiver depths (250, 500, 750, 1000, 1250, and
1500 feet). The PE code is a finite depth ocean mcdel, requiring an absorbing
bottom to effectively simulate an infinitely deep ocean. The bottom was placed
at 8,000 feet for the 25 Hz run and at 2,000 feet for all other frequencies.
The FFT transform size used by the PE code was 28 for 25, 500, and 1,000 Hz
runs, and 27 for the 50, 100, and 250 Hz runs. Due to the use of a running
intensity average, PE results at ranges closer than 8 nautical miles are not
reliable and are ignored. The PE code implicitly includes the leaky as well
as the trapped waves and thus provides a check on the validity of truncating
the virtual mode spectrum after three leaky modes.

Comparisons between the virtual mode surface duct model and PE are
shown in Figures (3.1) to (3.36) for the various propagation scenarios. Good
agreement with the PE code is indicated for within-, cross-, and below-layer
geometries.

The 25 Hz run had no trapped modes and the three lowcst leaky virtual
modes were included in the virtual mode sum. Good agreement with the PE results
are seen for ranges exceedirg 10-15 nautical miles. Deviation between PE and
model results for shorter ranges are possibly an artifact of the PE smoother
and/or due to insufficient terms in the modal sum.

The 50 Hz run case corresponds to one trappad mode. The PE code
predicts a higher intensity (by ~1-2 dB) at 50 nautical miles. This is
probably an artifact of the PE run due to the bottom being too shallow. Such
an effect occurred on earlier 25 Hz runs with shallower bottoms and arises from
the non-radiation boundary condition used in the PE code. The PE code boundary
conditfon effectively forces an increase in the pressure field within the water
column, leading to higher intensities. hence less TL. Additional deviation
between the PE code and the surface duct model occur at intermediate ranges
(10 - 20 nm) where PE shows more loss. This trend persists for other
frequencies. A plausible explanation for this, is phase cancellation leading
to a deep null in this region. Since the surface duct model is not designed



to compute phased TL, such differences are to be expected. In any case, the
maximum deviation is ~ 2 dB.

The 100 Hz runs exhibit the same general trends as the 50 Hz
data, with the exception of much smaller offset at 50 nm. This is due to
the decreasing effect of the finite depth bottom used by the PE code, and a
corresponding decrease in intensity from "gnost" reflections off the bottom.

The 250, 500, and 1,000 Hz runs can be grouped as a whoie for
comparisons. Generally the agreement between PE and the virtual mode code
is good at longer ranges. For short ranges (r < 10 nm) possible spectrum
truncation and/or PE smoother effects are noticed. Medium (10 r £ 25 nm)
ranges exhibit a weak null in the PE results which is not seen in the virtual
mode data. This is most probably caused by phase cancellation which the
virtual mode model is not treating. For sources within the duct, the PE
results display a characteristic interference with range that the smoother
has not completely removed. This effect is more pronounced with increasing
frequency.

A volume absorption loss term a, of the form a, = 125 (f/1000)2
d8/nm (f the frequency in Hertz), has been added to the virtual mode model
results shown in Figures (3.1) to (3.36) to comply with the PE predictions.



FACT SURFACE-DUCT MODLL

* dn gp g por0qdsnp 83AUND ©A1NDOEUOYG
*(4SOP) 34 YIM (P11OS) 18pol un(Q-830jung o uostrundwosy

° —um. C.:.ﬁ..u_

RECEIVER DEPTHS
O=250FT
O0=500 FT
A=7580 FT

+= 1000 FT
»=1280 FT
¢ = 1500 FT

50.0

C°6  ¥3A vusSsia les ¢

s 03 00, 008 ooe o'oo1 oor1 0'021  0°0fl
(OX 1 3¥ 80) "L
(L4) 0SZ =H1d30 ‘ (ZH) S2 -XON3NO3¥4 :32dN0S

0661 ‘130 1 O3 00°80°CC

RANGE (NM)

3-4

1 100d



FACT SURFACE-DUCT MODEL

-

* dn gp g pedu |duip BLAUND BAYINDEEUOY

(o] s-.m;\ .L

*(4EOP) 34 YIM (P110S) (Spul 1n(-030jung o uosiuodwo) < I
u)
=
i
[ PR ol s
Okl o
xRSRSLI
LN P v v
=111 111
EDD&+X¢
o
Ll
(1

20.0

10.0

T

T __—”_..“._U_N ....... O J-H_UWJIT- .F.uﬂ.m.-np_uum.-.h... (e 4 .m.w..mm.—.l.
QX 1 33 g 11
(L4) 00S =HLd3a ¢ (ZH)

'8 WA vWSSIa 1us

SZ =AON3N03d4

A ZN0.ZN S8 BED D Sun un aun 4

:334N0S

‘ 0861 ‘120 1 @30 00°80°02

0.0

(NM)

3-5

RANGC

< W



FACT SURFACE-DBUCT MODEL

* dn gp g pedvydiap SLUAUND BA14NLOSUOY
*(YEOP) 34 YIWM (P1]OS) (SPUY AON(J- SO YING  JO uwdsrsodwo] * §-¢ wanbny

!
|

RECEIVER DEPTHS
0=250 fT
O0=500 FT
A=750 FT
+=1000 FT
X*= 1250 FT
©=1500 FT

(X T 34 8y "L

(L4) 0SZ =H1d43Q ¢

C°8 YA UdSSIO

(ZH)

14

LA S A un e S BEn Sun amn aew see e an e o o | B

,.._
ool 0°021 0°0gl

GZ =AONJNO3y¥4  :334N0S

‘ 086! ‘100 | @M 00°80°02

KHNGE  (NMN)
3-6

£ 10%



FACT SURFACE-DUCT MODEL

* dn gqp g poooqdsnp sLAUND BA1NDBSUOY

.HLWO—UV U& £J).) ~ﬂv\d\—0mu ._QTOZ s.U:DlmUO.bL:m QO CDﬂJLOQEOO O vlm,. n.L:...._.l_
o
i FRE A T — — = )
(V)
wn
=
e
m.lb [l aad ol
[l ol L P N NS o
DFFFWOO =
LINWIN oo
>ttt
=004+ X9
W
O
(#8 ]
[0

Y T LB LA e (=TT Lam —
0°Cs 0°0s 0 0L 0°08 0"ub 07001 o°ol1 0°0g1 0°0%.
(X 1 34 gd) "1l

(14) 0001 =HLd3a “ (ZH) GZ =XON3N03¥4 :13¥N0S

'8 ¥3A UWSIG s ¢ 0861 ‘1201 QM QU'W'G b 10



FACT SURFACE-BUCT MODEL

* dn qp g pesoydep LuAIND GAYIINTHSUSY

*(4SOP) 3d YIA (P11OS) 18P0l 12n(-0630yang o uoer.wdwogy * G6-¢ eanbn
o
_ o
W
(7p]
I
o
(S TIPIEN jof i A
oLt [
T 000838 s
xuouounoawn [ <
GO = o o r
>t111801 ﬁ
UDOA...XO :
C b
W [ O
o - o
r Mt
\”
-— 4
 C
- o
N
[
i
=]
ﬁ L]
- O
[ o
T T T Y | B AL A B By NL AN A A A et e ) [T ey | SN S R a —--4<4J-.-.--l]1ﬁﬂUo
0°09 0°0Z 0°08 0°06 0°00l1 0°011 0°0¢! 0°0Ll

(GX 1 33 80) 11
(14)!0S21 =HId30 ¢ (ZH) S2 =XON3N0D3¥4  :32:N0S

'8 ¥ vwWssia  Jws ¢ 0861 ‘100 I O3 00°60°(

RANGE (NM)

3-8

S 100d



*(4ECP) 34 YINA (P110S) 9POY 2n(-820j un JO woirdodwn] * g-¢ ovanhingy

FACT SURFACE-DUCT MODEL

o
s i o
.qn
(Tp]
pu
o
L
W= LEE =
=0
3223828 ®
LN —=——
=>=111111
EDO&.TK#
]
& o
o =
- =
)
(ds)
=
a
(0

o e
‘03 0°0L 0°08 D°06 0°001 0-arll 0°0c1 0-otl

(0K 1T 3y 90) 11
(14) 00ST =HLd30 ¢ (ZH) S2 =AIN3N03Y¥4  :329N0S

2°8 3 UWSSIa ws 0851 ‘100! 4  00°00°W2

9 10



FACT SURFACE-DUCT MODEL

ClYELE)] 3d YIIA (PR1OS) 8POl 120n()-890jungy  JO wosIandwuy)

f-f wanbay

o
o
i wH

(Up)
I
T
o ey 1
ey &=
O e L | @

. _cocSrRe - =
0 = I =1 17y f N
E2C1..?.-I.1I.
> Rt R [

_ ED_H_.ﬂ.__. o [

(@B
L)  ©
1 o ﬁl-n\w m
=
SR
()
o Z
R
| [
m
=)
-S

| [

, I

AL L
.._.-.L..._...Hr...l_ ......... T T = e Sr—r————r—y = BRER s e o o e o o o o

0L 0°0 0°06 0°001 g otl 0°0c1 0-oglt
(OX 1T 3 80) 11
(14) 0S2 =HId30 ¢ (ZH) 0S =XIN3N03¥4 :323N0S

c'8 W YidSSIa ws

0861 ‘120 | Q31 00°90°02

3-10

< 0Nd



FACT SURFACE-DUCT MODEL

*LYSCP] Id YA (PNOS) 19POl 19N(Q-820jung 3o uostanduog * g-¢ eunbny

o
r‘ K
(0p]
I
& [
W P e S -
bl b L L o
oL W | =
oo - o
ooogwung 2
@Xwownomun i
LINUIM m= v [
s
>t111111 1
—0OoaA+ X o !
W i
(D) W
& o
-G —
_ 3 =
r =
[ Nt
s LJ
b - (€]
2 £
Q@
| L
s
ﬁo
- O
ﬁl
L
o o F O
— C
k
' I L L | Ff Ty | L L N L R A L I e R l_ ------- T fryvvvoervrre ey ﬂlo

....
0°04 0°08 0°06 0°001 0°0r11 0°0ct 0°0Ll

(0K 1 34 80) L
(1d) 00S =-HLd30 “ (ZH) 0S =-AON3ND3Yd

2°8 ¥3IA udSSIa s

:334N0S

0861 ‘100 1 O3M 00°80°02

3-11

8 10d



FACT SURFACE-DBUCT MODEL

"(4=9p) 34 HINM (PI10S) 1EPOY 19n(J-e30 ung JO uosidnduny * §-§ @unbn
o
n ] / 4
= /
f— 0 [
a ]
L - m ,
Dﬂnﬂwrﬂ _ o
1 coo8R8 . -
uonowonwun [ =T
LINIAN o= s /
>1110011 A
EDOA._.X.O
(&5) /] L.
J + ¥ &=
o / { Mo =
I “.mq.“M
/ -
/ L
¥ 8 m-o
b ¥ tmm
| =
i i
[
[
| <
. -S
[
: i
2 =
5 r ) &
e ey = (v e e T —— ——— [ E———— A ————— T T
0°0% 0" 0L 0°08 0°0 0°001 (] 0°0ct 0°cet

(QA T 34 80) "1

(Ld) 0SZ =HLd30 “ (ZH) 0S =AON3ND3y4  :33¥N0S

2°8 ¥3A vISSIQ lus ¢

0861 ‘120 1 @™ 00°80°02

3-12

6 10



FACT SURFACE-DUCT MODEL

"(4SEP) 3d YN (PI1OS) 18POY 19N()-e90jung JO uos1undwo)

* 01-¢ &anbay

o
o
| "3
7p)
I
o
(PR PPN nd ml 2
Ottt (er]
. 0o o
(elalalalnls] -0
T Eoownmoauwm L
_E257|l|l|l L
>110110181
| e ]
.EDOA+XO
2
R IlM)
™ 2=
g <=
S
3 (&)
o Z
! "R
!
" o
m -S
--------- ._._.-._.1-1._..__._..-q-q_..-.-"._..-_.-_._.--.:-.-.-.i-.l-—..-.u..._...u_._-......... 0
G°0s 0 0L 008 0°06 g ool 0°0rLl 0021 o oLl

(A 1T 34 80) "L

(L4) 0001 =HId3Q ¢ (ZH) 0S =AIN3IND3Y4 :32dN0S

2°6 N¥3A UWSSIC  Jus ¢

0861 ‘120 1 M 00°60°02

3-13

ol o'W



FACT SURFACE-DUCT MODBEL

L 4ECP) 3d YITA (PY10S) 18pPOl A9N()-800junG  JO uosJodwo)

* 11-g @anbn

(X 1 34 80) "L

(1d) 0SZ1 =HLd3a ‘ (ZH) 0S =AJON3N03y4

2°9 ¥3A udSSIO s

o
) = " S
L L W
o0 ,
| LT
=
] e e
E 3
Brertis o
coo - o
R 333813 R
LINUWUINN oo
>1851011
—y
EDOA+X°
Q
L [ O
% el
A =
i Fed
SR
1 ()]
T
BN«
o
=
|
it S
- ................. l— --------- -. lllllllll - llllllll - lllllllll - lllllllll u
‘0s 0°0L 0°08 0°06 0°001 0°orll 0°0c1 0°0tl

:334N0S

0061 ‘100 1 03 00°60°02

3-14

1 100



FACT SURFACE-DUCT MODEL

*14SCP) 3d YA (P110S) 19POY 19N()-6904n5 JO UOSIIndwa] " 21-¢ ounby

o
_— - - -o
L WD
g}
Ir
g .
W=-C0E s
Ol b [ O
cocoRs -2
Xxunownoawnm ad
G ONLD N = o=t e ;
>i101180 i
5009+x9o .
‘C L
2 o
3=
4 =z
i W
- (dD]
o
TR0
f o
o
!
L
-
-
o
......... ._.._..._....u-.u..u.quq.jﬂ..lﬂil—lril.l._..._..__..-...l-|-.|1|1|.1141_.._.. o
0°Cs 004 0°08 D 06 0°001 ororl g'ozl a°0gl

(QA 1T 34 80) "L

(L4) 00ST =H1d3a ¢ (ZH) 0S =AON3N03¥4 :323N0S

2°8 WA ULSSIE Qus ¢ 0861 ‘100 I O3n 00°60°02

3-15

Tl 10



FACT SURFACE-DUCT MODEL

(4SOP) 34 YITA (PI1OS) 19PO) 39N(-690 NG JO LOs.nduoy

* gl-g eunbay

o
i R ) % - e Ty L, - .Uo
] n
e \_ // |
i £ f I
H 1 / I
e i ,
e} 7 o Al / &)
ocooo e
= 28RER2 1t -~
LIS = e f ] [
=10 00N 2{7 -
Unﬂﬁ+xo A7 _
j O ’ [
L] i (o)
o= |~ -
_ / 3 =
n i L £
4 W
o Z
y -Q @
i v 7
_ o
“ =]
__ m
_ mﬂﬂﬂﬂﬁm pmw
-------- .I.I— T L B - TrTT T TYTTYNTTY — L B Ty T — r T or -III' L B N NN B - T T T T Y T w
0°09 0704 pTo8 0°06 0°'00 0-oIt 0oet 0°0Li
(X 1T 34 80) "L
00T =AON3INO3¥4 :33dN0S

(14) 0S2 =-H1d3a ¢ (ZH)

2°6 ¥3A UWSSIO s ¢

0861 ‘1201 M 00°60°GC

3-16

€1 10



FACT SURFACE-DUCT MODEL

*(Y=OP) 3d YIWA |P110S) qepoy 3on(J-e30jIng JO uosiiodwo]

* p1-4 eanbry

o
e e e - w
)
i A
H ‘ d h__
LJ F
Dﬂﬁﬂﬁﬁﬁ ’ / o
ﬂﬂﬂmmm ! i - o
0 th QO NN y o
L) TN LUNE » vt v s
=11101001 ﬁ
En_ﬂ.n.-.Xb. ; ”
() TN
Wn.- o
-0
/ L=
/ -
L)
(€D]
o Z
R
:
o
- S
__ o
: . | o
Tijﬂll—.l_-.-.l..q Ll e i o A e AL B BN v e Rl T Ty - 1
0°0L 0°08 0 06 0°001 0°0It 0°0c! o0°0oL!
(GA T 34 80) "L
(L4) 00S =H1d43a “ (zZH) 001 =-AON3N03y¥4 :33dN0S
<8 ¥3A USSI0 s * 0861 ‘120 ' O3 00°60°02

3-17

¥l W0W



FACT SURFACE-DUCT MODEL

*(YSCp) 34 Yia (PY10S) 8poY AoN(J-e30jun(, Jo ccm\ducasoo = 18] -¢ @L:m,wu_
o
— i “» 0-
fi Ty
t U
¢ I
&
_ (5 PRBPRBPNS uf uf ¢ o
F Ot - e
(oY== =
xR0 R384L3 -
E2571‘11
W. 11811
EDOA.TXO
Q
W L ©
| & e
[ =z
_. ==
L (0]
] o
. Q=
1 -Q o
]
”0
g
_ 3
] ,
. =1
......... S =
0°0s 0 04 0 08 0°06 0"0ool 0°0lL1 002l 0°0L:
(QX T 34 801 1L
(L4) 0SZ =H1d30 ¢ (ZH) 001 =AJN3N03¥4 :32¥N0S
2°8 ¥3A USSI0 s ¢ 0861 ‘120 1 @@ 00°60°02

3-18

St 104



FACT SURFACE-DUCT MOBEL

"(45CP) 3d Y3 (PINOS) (8pOY 13n(-8304ung 4o wostundwo) " 91-f @b

o
— o
9 (V]
| 0
I
£ ,
P -
% 3
Berrtt .
. RWW%ME% [«
L N LD P ot v e
| S11101 1
— qa+
En_._u X0
b O3
9 o
3=
=
W
o
=]
" Lo T s
4 Q< L
| ﬂ
“ )
f - o
i =
b :
1..]'1]'11]'1}11]%—].-11}}{.-1 _f.lﬂ.i_il_w-._ [ B ey y A p———— L=
0°0s 0'0L 008 0°06 GO0l o"olt 0°0el D 0Ll

(0A 1 33 8d) 11

(14) 0001 =HLd3a  (ZH) 00! =AON3NO3y¥4 :324N0S

'8 YA USSI0 Jes 0061 ‘120 1 G 00°'60°02 91 J0W



FACT SURFACE-DUCT MODEL

(YSER) 34 YIR (P110S) 18POY 19n(J-630j.nE, 4O LOL1Iudwoy

 L1-g owbny

(o)
e lﬂd-
u
wn i
xr L
o [
) |l mad I
Sintnl 2=
000 o
i wYolel=Tl=] ﬂ4
rowmoawm
LN o ot o=
_V---
—004d+X o
= i
| O o
Wi mvﬂ
I =
SR
- )
, Tum
“ (R o
r
[
o
I .
- O
{
;
[ o
[ o

LN Zun aan Gun amn g

1
e rr—r—r—r————— e ———
0°09 0°0L 0°08 0°06 0°001
(GX 1 34 8 11

T vy

0°ot1

LN S B

TrervveveilTvrvey L s

0°0ct o-otl

(L3d) 0SC1 =H1d3u ° ks 001 =AIN3INO3dd  :33d10S

» '8 WA VWSSIO s ¢

0861 ‘1001 @» 00°60°C.

3-20

£ W0



FACT SURFACE-DUCT MODEL

" *14sop) 3d YA (P110S) 18POY 19n(-890jung jO UOSIJDdwWO] * gl-g exnbr

o
- A IUQ
: W
)
Ir
a
75 PPN s iof L o
(=] A | ©
oQo L =
oocoowna L <
y Ewvownoawnm [
LN =t e = |
>i1t1111 s
—pDO9+XO
EU
% <
o 8=
=
L W
1 nNU -
K=
o 9
f i
{
I
L
[
[ ©
-G
o
.J--ll].l.]...........!l-.l—lill—rll:ﬂ-l._ ........ L | .I-.P.l.-.ii.rn.hhlu.ij. LI M B S e S S o S S G Ak S S 0 v o
‘0s 0°0c 0°o8 0" 0o o ool 0 011 0°oct 0°0tl

(GA 1 3 80) "L

(L4} 00ST =HLd3d “ (ZH) 0GDT1 =AON3ND3¥d :32¥N0S

€°6  ¥3A UWSSIa s ¢ 0061 ‘100! @n 00°60°02 8l 0w



FACT SURFACE-DUCT MODEL

LY4SCR) 3d YA (PIOS) 18POY 1an(-830jung jO LOSYundwo) * Bl-g wunbig
o
- o
Ty
u
I 3
o [
75 PR 2f e a5
Ol L
ccoShs =
XoSnanm p -
LN — s
=0 U ¥ HuEa
Enoﬁ+xo
]
L =
o F
| & X
[ =
i L
o2
[ o
Lo &
e -
s
i
-
i -
- o
=
S——

(1Ld) 0SZ

(QA 1 34 9d) "L

=H1d30

0"0El

“ (ZH) 0SZ =AON3N03y¥4 :334N0S

Z°8 ¥ Udssia

1S

0961 ‘120 1 (M 00°01°02

3-22

61 104



FACT SURFACE-DBUCT MODEL

“(4sCP) 3d YITA (P11GS) 1OPOY 19n(-8004ung JO uoe1uodwo) * 0g-g vunbay

o
— =", =
ﬁ (V)
wn
I !
mm 3
[P PROPISPN ol ol [
Ol -t [ ©
ocao . o
xRSASLA <
E257lll 9
>11811
g
EDOA+X¢ 1
(&) 1
. wm R
_ & =
i F =
i __. L—
“ ﬁ
_ e
— O -c.v
N o
1 g
r [
[ ©
-o
ﬁ —
G+ —— | 1S
TI].JJ-..]J.JJJI]I.IT.I].J:.I ........ =0 S AT T TR I Ty [ ) S ey gy o
0°05 L 02 0°0g 0°06 0 0ul g-oI1l1 o-oci 0°0¢l

(GA 1T dd 9y "l

(14) 00S -HLd30 “ (7H) 0S2 =AON3NDJY4  :323N0S

C'0 ¥IA UlSSIa ws ¢ 0861 ‘130 ¢ @I Ww'Ot°Ce 2 0



FACT SURFACE-DUCT MODEL

O e ——

T(YSLP) 3d YR (PY10S) POy 191Q-83uL

)

Jo uounraodwoy

* 1g-g sunbay

T T T —

o
-
r WU
wn
s o
o
Wit b =
DFFFMD [
- O
2228283 ¥
(W) ON LD = v o .
>111111 !
Py
EU O+ X O
(db)
L) O
ac o
[y

RANGE (NM)

T P T e e
10.0 20.0

0.0

......... Ty, LI DN S T

|
0°06

.m.cn_

--—I ---------

(GA 1T 34 80) "1l

(L4} 0Sz =H1d3a

(ZH)

26 ¥IA UWSSIO s ¢

LS 2NN amn 4

Jryrrvrvyry

0°0ct 0°0L!

0S¢ =AON3N03¥4  :334N0S

0861 ‘100 | Q@3 00°01°OC

3-24

12 10



FACT SURFACE-DUCT MODEL

| T(4SOP) 3d YIIA (P11OS) 18POY 19n(Q-6304Ing 4O LOosIIndwoy * ge-¢ ownbay

2
} ﬁ-ncw
w !
I
fo
..W_ w
4 SF E
LN
>1 L
g 9
ED 3
o [
w o
= S =
[ Z
] S
i Wl
. [ mw .
" O
] ﬁlﬂuﬁ 9.-
" e &
|
K=
=
L ©
; o
G039 0°0L 0"08 D°06 07001 0°01l 0°0cl 0-ocl

(0K T 34 80) "1
(14) 0001 =HLd30 “ (ZH) 0SZ =AON3ANO3¥4 :324N0S

<°0 3 vSSia s 086! ‘100 | a3 00°01°02 & 10



FACT SURFACE-DUCT MODEL

(4SOP) 3d YI1A (P1OS) 18POY 19n(-830jung JO Los1undwoy * g2-g wanbay

=
) = = A
wn
e ol
a
Bepette -
1T «RS384L3 B
LN v
>t111111
 —00d+Xxo
| O
2 2
e =
=
I
| 02
o N
“ S E &
;
]
_ o
* -m
S Bd
-------- IIJ--l-...l-—-l-l-l-—l..l.l]l..lll..-..-—ll- l-ll.-—-ll-ll-l -l-l-llnll.-ﬂ.
0°09 0°0L 008 0°06 000 0-all 0°oel 00l

(OX 1T 34 80) "L

(14) 0S2l =H1d3a ¢ (ZH) 0SZ =XIN3N03¥4 :323N0S

9 WAWWSSIO s 0061 ‘1201 @ UOOI'C" €2 10W



FACT SURFACE-DUCT MODEL

*IY4SCE) 34 YA (PY19S) qepol 12n(J-ow0jung JO wostundwoy

* pe-g @anbay

RECEIVER DEPTHS

0°05

0=250 FT
0=500 FT
a=750 FT
+=1000 FT
X=1250 FT
©= 1500 FT

(Ld4) 00SI

=H1d3d

Su.0

3-27

0.0

T ul..r_-rjnl_...-ln-.l__.l..._.l ......... e T e

0001 0°0l1 002l  0°0gl
(OX T 34 80) "L

“ (ZH) 0SZ =XON3N03Yd

'8 ¥aA UWSSIa s

frrrrereey

:334N0S

0061 ‘120 1 @M 00°01°02 " 0



FACT SURFACE-DUCT MODEL

.
r

145CP) 3d Y3NA (PI19S) 19POY 19n(-e304ung jO wOosIundwo]

* Gg-g wanbny

S0.0

p)

I

o

L)t o L

Ol L e
ooo

_CooOcuo

CCy.onGfNm

EEEH_!.I.II-I-

> 0 b uan

—0Oo0g9+ X 9o

(8]

()

w

(08

ey
40.0

RANGE (NM)
3-28

LA e e U s SR A NI AN IR S AL B L |

0°0L 0°08 0°0

e

--------- | [ S S .

(QA T 34 380) 1l

(Ld) 0SZ =Hl1d3ad

“ (ZH) 00S =AON3N03yd

2°8 ¥3A VSSIa ws

———
0°001 0°ol1 0°0ct g oLl

frrvrvvveyoey

:334N0S

0061 ‘1001 Q@m 00°01°02 S2 10w



FACT SURFACE-DUCT MODEL

"(4SSP) 3d YITA (P11OS) 19POY I9N(-S904InG JO uosyuoduoy

* 9g-¢ eunby

°©
m 5 7
t U
T ,
¥ :
grertil o
| 2228%5 £
LN = v
>i1t11111
UUOA.-.NQ
QO =
p Wl =
;& 8 =
J <
] I —
_ L EY
.. O
o Z
LS &
| o=
ﬁ
& < . ”MM
0°GS 0°04 0°08 0°06 0°001 0°011 0°021  0°OCI
(QA T 34 g0) 11
(14) 00S =HId3a “ (ZH) 00S =AJN3N03¥4 :33dN0<

<°0 ¥3A vdSSIa lus ‘¢

0961 ‘120 1 03I 00010 82 10W

3-29



"

FACT SURFACE-DUCT MODEL

"(4SOP) 3d Y3 (P11O8) 18POY 13n(-930jung jo uosyJodwoy

© Le-§ by

(G 1T 34 8d) "L

o
o p— o c
I F W
w i a
I ___.__ 4
MI.. :L_. ﬁ
/
(08 % g / afd
A ; , o
=] .Umm ! 4 &
rASAs&R f) i hT
L NN PN v o= e i
>111111 17/
— 004+ Xo iy Y
& ‘o ,
W e O
(8 EORPE
f @R =
74 2
/ [ %
/i
Fg ﬁOﬁNn 3
) . [ ]
[
f
3
=)
- o
L o
111111111 —.11\11 -4411—11114111 -‘ﬂuul“llddi*lllﬂ N A 0
0°06 0°001 o°olt a°oct 0°0Ll

(L4) 0SZ =H1d3Q ¢ (ZH) 00S =AJN3N03¥4 :33dN0S

Z°9 ¥3A wdSSlia

1us

0861 ‘1201 @M 00°01°02 &2 W0



FACT SURFACE-DUCT MOBEL

| C(4SSP) 34 YAITA (PNOS) 18pOy 19n[-8v0ung o uost.oduo) * gg-g vnbay

o
(7p]
I L
e [
(75 PRSVIDPINS ot g L o
Ol L M=
cooSRs =
(L I=1T=12'1";] i
LINLINN vt e e
>110011
e Q4+ X O
EDO
(&b} [
w =
0t o —
o=
pd
ﬁ —
!
[ W
2 4
o
ST 4
e @
=
| £=
_ :
!
F O
_ o
......... e e e e o o
0°05 0°0s 0°08 0°06 0°001 0°0I1t 0°oct 0°ogt

(GX 1 34 80) "1
(L4) 0001 =HLd30 ‘ (ZH) 00S =XON3N03¥d :3024N0S

2°0 ¥ WWSSIA Jus ¢ 0861 ‘100 § O3 00°0i'02 €2 10



FACT SURFACE-DUCT MODEL

SMEOP) 34 YA (PR9S) 1epOol 3on(-020 ung §O uos1 sudwo))

* gg-¢ eanbqy

o
v
wn
o 1 /'L
= Jijs |
Sreritt 712
RSRSLA \._._ -
LINUIN oo () ”
W. 1188 \_____. ;
=—00Q+Xx0 M._. i
O /]
L 12
o« / 8=
/ =
L W
5!
oZ 8
FSE &
: I
-
o
.l._....._l__ .fw.
[ ©
--------- A A s e T T T rrrf I Y1 i B o
00 0"08 0 o001 0°0I11 0 oel 0"0Ll
"(OA 1T 34 80) "L
(14) 0S21 =H1d3Q ¢ (ZH) 00S =XON3N03¥4 :33¥N0S

T°0 ¥3A UWSSIO

1

0961 ‘100! G 00°l1°02 62 10W

L



FACT SURFACE-DUCT MODEL

RECEIVER DEPTHS

*(4SOP) 34 YIA (P110S) 18poy

19n(]-620j4n¢G JO woLIJodwoy * o5

|

0=250 FT
O=500 FT
A™=750 FT
+= 1000 FT
x=1250 FT
©= 1500 FT

0°09 602

0°08 0°06
(GA 1 34 80) "L

(Ld)

00ST =H1d3d

10.0

RANGE (NM)

ey
20.0

0.0

C 00l 0-0r1 0021 0°0cl

“ (ZH) 00S =AIN3N03Y4

'8 WA WWSSI0 s ¢

:334NCS

096! ‘1301 @ W02

3-33

0t 10



FACT SURFACE-DUCT MODEL

"(4SOP) 3d YIA

(P1108) OpOl 39n(]-€20j4nG O uosIJodwo]

RECEIVER DEPTHS

+=1000 FT
X=1250 FT
o= 1500 FT

D=250 FT
O=E500 FT
a=750 FT

* 1g-g @wnbqy

50.0

(1d)

2°8 WA WWSSIO s Y

uiu

.-I.Equmm 4444444 ﬁ_ -._m_mq ...... _.“_.._.ﬂ_H_.—..._. du-..-m_“pmﬂn.—.....n.-mﬂ.—
(QA 1 34 dd) "l
0SZ2 =HLd30 “ (ZH) 0001 =AON3N0O3¥4 :33y¥N0S

0961 ‘130 I @mn 00°11°0C

30.0 %0.0
(NM)

20.0

10.0

RANGE

1£ 10



FACT SURFACE-DUCT MODEL

*(4SOP) 3d YITA (P110S) 1OPOl 19n(-8304InG JO UOsIINAWCY * 2i-g ewnbyy

b
P
| £
=
¢ 0o
LJ
.| BeeetEE
ooo
Ll Dnnﬂun:.,._ﬂ_
oo
LINUID v e
P >1irnad
| mﬂﬂﬁ...uno
m Q
i 8
o=

RANGE (NM)
3-35

0.0

111111111 T T Yy

(GX 1T 34 80) "L

(14) 00S =H1d3a  (ZH) 0001 =AON3N03¥4

<°6 ¥ vdssia ws ¢

o°ort 0°0c 0°oct

:334N0S

0061 ‘100t @» 00°I1°0Z £ 10



FACT SURFACE-DUCT MODEL

O —perr——

| TI4SSP) 3d IR (PI108) 18POY 39n(-9304ung 4o uostJodwo] " £2-g ©anBay

—

o
S
(Vp] i
H 3
o ”
= F
Bt
xRSR8LR F <
LICNLNEN o= o o
>0 000
EDOA...XO
0 o
= S =
=
L)
- (&)
[ 2 &
i ¢ =
'
”0
-o
3
i
[
)
........................... [ &
D011 n_.n"m_ 0°0Ll
(QX 1 33 80) L
(14) 0SZ =H1d3Q “ (ZH) 0001 =A3N3N03d4 :323¥N0S

2°8 WA UWSSIO IS ¢

0861 ‘120 1 O3 00°11°02

3-36

£ 10



FACT SURFACE-DUCT MODEL

"(4SOP) 3d YIA (P110S) 18POY 19N[-9830jung JO UOSIJOdWO] " pg-g enbay

-

-0
- w
wn

I

o

W g

Hreetll o

cooSR8 —

uvnomnmomn r

LN == v s :

>1111101 [

| —00<4d+Xo

L3 w

(&

_Wu =
(@ =
<

T

) cZ 9
" (R ©
! [
_. [
] I
q f
m o
. e
; {

}
_ L o

o

..................

|
0°08 0°0L 0°08e 0°06 0 o0l 0°0l1 0°0c 0 0Ll

(0A 1T 34 80) "l
(14) 0001 =H1d3ad “ (ZH) 0001 =AON3NOAY¥d :324N0S

2°9 ¥3A WWsSSIO ws ¢ 0861 ‘1201 Q3 00°11°0Z ¥ 10



FACT SURFACE-DUCT MODEL

(4SOP) 3d YIA (P1OS) 18pol 19n(-8904InG Jo uociinduoy * ge-g wwbay

o
o
L W

w

b=

o

W~~~ E

Ot bt e

000%50

unownoawnm

WINWIN o oo

>i101811

EDOA+XO

Q

()]

(o0

]

]

4

)

.-44<.Jj. .........  GUAJNA St A Mn en S S S S S SN S 0 A S NN SN SR NELEN AN SN S SN AL AN S AN A SR A AN SR B AN AR S AR A

0°09 0°0s 0°08 0°06 0°00! 0°0ot1 0°0c! 0°0¢!

(QXA 1 34 90) "L

(I14) 0G21 =H1d3a “ (ZH) 0001 =AJIN3NO3Y4 :32MN0S

'8 ¥IA USSIC les ‘¢ 0w6l ‘1201 G wll'w

3-38

SC 10

'-



FACT SURFACE-DUCT MODEL

" (4SOP) 3d 43I (P11°8) 1epoy

A0n(Q-82034nG jO wos’ sodwo)

* 9g-¢ eunbay

Iz
p L
b o
a
(75 SN nf f A
Ol bt
000
(e Y=Y==1V1=]
uonownoaw
LINUWIIN o= o oo
>111010
P
EDOA+XO
O
(#8 ]
oz
_
|
)
|
:
4
|
!
Tlll.ll.dltl.ual._ vo-r
0708 L 0L

-------

(GA 1 38 80) "1

(14) 00ST =Hld3d

“(ZH)

<¢°8 ¥IA UWSSIa

=)
T3
O
-0
L
[
[
=
3=
; Z
L W
SR
2T 9
N Lt
o
-S
.D
[ 2
------- ---_1--.1-_..1—_..l-_..l-_...--H--.li-...ildl.l-n
0°011 0°02 00t
CO0T =XIN3N03Md  32¥NGCS
Jus ¢ 0661 ‘1301 Q3  00°1l°Le o€ 10



3.2 NORMAL MODE COMPARISONS

A more detailed evaluation of the virtual mode surface duct mode!
was made by comparing the predicted modal longitudinal wavenumbers xm and
ifntensity amplitudes ¥m with corresponding values computed using the NOSC
n-layer normal mode code. The NM code was run with the same bilinear profile
used by the surface duct model and the ocean modeled as infinitely deep. Roth
models (surface duct and NM) truncated the modal spectrum, hence near field
TL values may be in error due to an insufficient number of modes. The
imaginary part of An is related to the attenuation coefficient an by
=2 xm(xm).

The An computed by the virtual mode surface duct model agree quite
well with the NM results: relative error in llm(*nﬂl 5,10'l and [Re(a )| <
10'4. Agreement is better for the trapped modes and gets worse for the strongly
leaky waves. However, the strongly leaky modes have large attenuation coef-
ficients and contribute 1ittle to the intensity at ranges greater than a few
nautical miles.

Intensity amplftudes Vp are close to the KM predictions with two
exceptions. First, the true Yy My exhibit deep nulls which are clipped in
the surface duct model. The second exception involves deeply trapped modes
where Vi is computed within or below the barrier. In the NOSC NM code,
numerical difficulties in computing Hankel functions lead to a modification of
the bilinear profile. The virtual mode model uses a different formulation of
the y's and avoids this problem. Thus computed intensity amplitudes are
expected to be lower than those predicted by the NM code. This is in fact
observed.

Detailed comparison of lm for the surface duct model predictions
and the NM code results are provided for 25, 100, and 500 Hz. This corresponds
to cases with zero, two, and eleven trapped modes, respectively. The Am are
shown in Tables (3-1) with values in parenthesis being the NM results.
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Table 3-1,

Mode

—

10
11
12
13

U

Re(Am)

25z e
3.126790 E-2
(3.126250)

3.087473 E-2
(3.097519)

3.015320 E-2
(3.035346)

** 100 Hz **

.1254460
(.1254452)

1252816
(.1252807)

.1251256
(.1251152)

1248763
(.1248825)

1245431
(.1245658)

¢ 500 Hz *+
6279464
(.6279451)

.6276678
(.6276654)

.6274396
(.6274364)

.6272378
(.6272339)

.6270533
(.6270487)

.6268813
(.6268761)

6267190
(.6267133)

6265645
(.6265582)

.6264166
(.6264097)

6262741
(.6262668)

6261333
(.6261259)

6259948
(.6259753)

6258225
(.6258053)

.6256280
(W)
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Comparison of An (NM results in parenthesis).

lm(xm)

3.492409 E-S
(3.778848)

2.877695 £-4
(2.453416)

6.646130 E-4
(6.215050)

3.310623 -8
(3.177127)

4.514341 E-6
(4.761233)

3.782473 E-5
(3.949632)

1.075746 E-4
(1.041099)

1.917165 E-4
(1.856100)

5.030603 E-33
(0.)

3.230407 €-27
(0.)
8.766610 E-23
(0.)
3.685180 E-16
(0.)

4.186859 E-14
(3.466829)

1.684570 E-13
(1.430650)

2.801780 E-11
(2.433916)
2.104337 E-9
(1.868979)

7.414939 E-8
(6.730201)

1.181578 E-6
(1.103277)

7.110299 E-6
(7.500457)

2.183201 E-5
(2.295352)

4.323009 E-S
(4.329292)

6.543505 -5
(WA)



3.3 EVALUATION SUMMARY

The surface-duct model transmission-loss (TL) results were found to
be in good agreement with PE and NM computations for a bilinear test case.
The virtual mode model predicted the proper frequency dependence of the TL
and exhibited excellent performance fn predicting the depth dependence of the
fL for within-, cross-, and below-layer propagation geometries. Compari‘ n
with the NM results shows good agreement for mode attenuation coefficients,
giving the proper range decay of intensity.

The execution time of the surface duct model for the 126 scenarios
was about 12 CPU seconds on a Digital DEC-10, including loading and 1/0. For
comparison, a CDC CYBER-76/175, or UNIVAC il10 are approximately eight (8)
times faster than the DEC-10, leading to projected execution times of ~2
seconds - well within the time constraint of the FACT model.

Deviations between model computed TL's and PE results are small
(2 - 3 dB max) and generally occur at short ranges. These ranges are
within the direct-path regime and can be adequately modeled using ray theory
as is presently being done in FACT. Systematic deviations, not related to
the surface duct model, are probably present in the PE data arising from the
smoother and/or "ghost" bottom reflections. In any event, larger variations
in the computed TL are more apt to arise from use of the bilinear approxima-
tion to the environmental index of refraction.
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SECTION 4
SURFACE DUCT PROGRAM

The virtual mode surface duct model described earlier has been
implemented into a FORTRAN program suitable for inclusion into the FACT model.
The surface duct program is written in ANSI standard FORTRAN-77, compatible
with compilers on CDC, UNIVAC and DEC computers. The surface duct model is
designed to operate as a self-contained module needing only environmental
specifications and desired propagation scenarfos. The virtual mode calcula-
tions are autnmatic and require no initial conditions from the user.

The surface duct code is configured as a main control sub-program,
SDUCT, and six ancillary subroutines: TRAPED, LEAKY, SMODE, AIRY, H1SQ,
and REFLKT. To facilitate use as a stand-alone module, a separate driver
program DRIVER is supplied which automatically calls SDUCT. A FORTRAN
source 1isting of the surface duct model and the stand-alone driver are
provided in Appendix B.

User inputs to DRIVER are provided via free-format NAMELIST {nputs.
The surface duct model 1s configured to handle up to sir frequencies and six
distinct source/recetver depths for a total of 6 x 21 = 126 distinct trans-
mission-10ss scenarfos. The surface duct program is capable of using either
metric or english units and automatically adjusts outputs accordingly.
Transmissfon-loss (TL) 1s computed as a functfon of range, and optional debug
flags allow individual modal values of attenuation coefficient o and
intensity amplitude ¥ to be printed. A sample execution, corresponding to
the deep duct test case used in Section 3, is shown in Appendix C.
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SECTION §
CONCLUSIONS

The virtual mode surface duct model described in this report fs
proposed as a replacement to the current FACT surface duct model. The virtual
mode model was compared with parabolic equations and normal mode calculations
for a bilinear duct over a wide range of propagation scenarios and found to be
in gocd agreement with each. The virtual mode model exhibited the proper
frequency and depth dependence displayed by the PE code results. Model execu-
tion times are well within FACT constraints and no user interaction is required
other than environmental inputs and specification of frequency/depth scenarios.

The major 1imitation of the surface duct model is in approximating
the environmental refractive index profile by the Furry model, and future
efforts should be directed toward removing this 1imitation. Additional work
in the area of surface loss mechanisms is also warranted.
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APPENDIX A
EVALUATION OF T.T_

For real arguments, the Afry functions are real valued hence the
expressions for T,  and T_ [Eqs. (2.5)] are complex conjugates of one
another and ‘

TUENT_(E) = [T(E)IZ = a]¥ (0, EDhy(E) = wlo,EDNSCENIZ .
Now vy(o,E) and y°(0,E) are found from Eq. (2.4a) to be

Wo.E) = ¥ [A(-w)Bi(-q,) - Ml-q Bi(-w)]
and

¥ (0,6) = SREL o g fae-()Bt(-y) - M(-qp)Bs(-w)] .

Since w and q, are positive for leaky modes, the Airy functions and their
derivatives can be expressed in terms of modulus and phase as

Af(-w) = M(w)cose{w) , Bi(-w) = M(w)sine(w) ,
and
Ai“(-w) = N(w)cos¢(w) , Bi“(-w) = N(w)sing(w) ,

with similar expressions for Ai(-qo). Bi(-qo). Thus
W0.E) = % MwIM(g,) stnfo(g,) - ()]

and

¥(0,E) = v Mg INW) stnfola)) - otw)] .
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The function hl(E) and {ts derivative hi(E) are

hy(E) = A1(-E) = 1 Bi(-E) = W(E)e™1(E)

and
h{(E) = -[A1-(-E) - 1 Bi-(-E)] = -N(E)e~ #(E)

Thus the expression for |T(E)|2 becomes

3
|T(E)|2 = .:-2- Hz(qo)lsN(w)sin[e(qo) = O(N)]H(E)e'“(z)

+ M(w)sin[é(qo) ) e(w)]N(E)e-io(E)lz

with the definitions

8 = N(E)M(w)/sM(E)N(w) ,

8 = ¢(E) - o(E) ,

§ = ¢(w) - o(w) ,

x = 20(q)) - ¢(w) - o(w) ,
and

xt'(x16)/2 )

ITCEN 2 = w2 (g N (EINELw)GP(E)

where

2

62(E) = azsinz(x*) + sin"x_ + 28 sinx sinx_cosa



APPENDIX B
SURFACE-DUCT PROGRAM LISTING

The following s a FORTRAN Hsting of the virtual mode surface
program and stand-alone driver.
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